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ABSTRACT

Based on the stability theory of continuous thermodynamics for polymer
solutions, necessary and sufficient conditions for multiple critical points are
derived assuming the segment-molar excess Gibbs free energy to be in-
dependent of the distribution function. Equations for calculating double and
triple critical points are given. Higher order critical points may be obtained
in a successive way. For polymers possessing a Schulz-Flory molecular
weight distribution, general conditions for an m-fold critical point are pre-
sented.

INTRODUCTION

In synthetic polymers a large number of species differing by molecular weight
occur. Due to this polydispersity, the thermodynamic treatment of the liquid—
liquid equilibrium in polymer solutions becomes more complicated than in sys-
tems with a small number of components. The most useful way to overcome these
difficulties is the method of continuous thermodynamics [3—6]. Continuous ther-
modynamics is based directly on the continuous molecular weight distribution
instead of the amounts of individual polymer species.

Correspondingly, the thermodynamic stability theory was also converted into a
continuous form not containing determinants whose elements refer to the in-
dividual polymer species [7]. On the basis of this continuous form of the stability
theory, conditions for the occurrence of multiple critical points are presented in
this paper.
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The fundamental papers are multiple critical points date back to Korteweg [8],
van der Waals [9, 10], and Schreinemakers [11]. More recent treatments were
given by Griffiths [12] and Solc [13-15].
MULTIPLE CRITICAL POINTS IN MULTICOMPONENT SYSTEMS

In a system consisting of N + 1 components 0, 1, 2, ..., N, the conditions for an
m-fold critical point read

D; =0; j=0,1,...,m (1a)

D, =0 (1b)

The determinant D, is given by

PGIX2 PGlaX,0X, - 9°GlaX,0Xy
D, = | #G/oX,0X, #GlaX7 -+ #GlaX,0Xy
PG/oXydX, #GloXydX, - PG/oXy )

and the other determinants result successively from

aD,./0X, oD, JaX. -+ 0D, /Xy
D, = |9°Glox,0X, #°G/oX? -+ PGlaX.dX,| ; n=1,2 ...
RGlaX,3X, PGlaX\0X, - - 3°G/oXy 3)

Here G is the molar Gibbs free energy, and X;, X, ..., Xy are the independent mole
fractions of the system. For large values of N, the application of Eqgs. (1) will be
very expensive and, by using a computer, it may lead to senseless results due to
rounding-off errors. Therefore, another method to obtain the conditions for an
m-fold critical point will now be shown. This other method allows us to calculate
D,, D,, ..., D,,, rapidly if D, is given by an analytic expression and, furthermore,
it may easily be generalized to the continuous version of thermodynamics of
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multicomponent systems. For simplicity, this other method will first be demon-
strated for the case of a ternary system.

In ternary systems, G depends on two independent mole fractions, X; and X,.
The spinodal obeys the condition

Min 8°G = 0 G

where the second-order differential 8G according to 0°G/dX,0X, = 8°G/6X,dX, is
given by

2G ?G ete:
G =— (BX,))? + 2 BXAX, + — (BX,) 6)
aXlz 1 2 X22

Here &X, and 6X, are aritrary increases of X,and X, respectively. According to Eq.
(4), the first task is to determine that variation 8X,,8X, minimizes 8°G. Since Min
8%G has to equal zero, a common factor in 0X; and 8X, remains undetermined.
Choosing this factor to equal &X, that value (8X™,) of &X, is to be calculated by
minimizing 8°G at constant &X, = 0. For this purpose, on the basis of Eq. (5), the
partial derivative of 8*G with respect to 8X, is formed and equated to zero,
resulting in

3G WG)
* —_
axX,* = <6X16X2 / aX? oK, ©

assuming 92G/4X,% = 0. Applying this variation 8X,,8X,*, Eq. (5) leads to

Min 8 = (D, / %ﬁ-)(axl)z %)

where D, is defined by

#»G *2G
aX,? 0X,0X,

DO =
?2G G
Xz (8)
0X,0X, 94X,
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According to Eq. (4), the spinodal equation reads
Dy=0 &)

The first-order differential of D, is given by

D
Do ax. (10)

aD,
8D, =0 5x
0 =%x, 0N T ey, O

Abbreviating dDy(8X,,8X,*) by 8Dy*, the application of Eq. (6) results in

3G
8D,* = (D, / &?)Ml an

where D, is defined by

aD, 4D,
ax, ax,
D, =
”G G

12
0X,0X, X2 (12)

Since the critical point may be considered as a double solution of the spinodal
equation, the necessary conditions for a single critical point read

Dy=0; D=0 (13)

Equations (13) are equivalent to Eq. (4) and

8(8°G*) = G* = ke 0X)* +3 &G (OX )X ,*
D& X 23X,
3G 3G
———— 03X, (3X,*)? 8X,*)*=0 14
+36X16X22 X, (8X,%)* + 6X23( 2*) (14)

where 8G* = 8*G(8X,,0X,*). Abbreviating analogously 8D,(8X,,0X,*) by dD,*,
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the application of Eq. (6) leads to

3*G
8D;* = (D, sz)axl (15)
where D, is given by
aD, aD,
ax, X,
D, =
32 a2
G G (16)

axX,dX, d4X,?

The double critical point as a double solution of D, = 0 has to satisfy the
necessary conditions

D, =0; D, =0 D,=0 Qa7

Generalizing this treatment, the necessary and sufficient conditions for an
m-fold critical point read

D; =0, j=0,1,2,...,m (18a)
Dm+l =0 (18b)

where D, is given by Eq. (8) and D, (n = 1, 2, ...) by

oo, = (0, /25 )ox, (199)

resulting in

oD, aD,
ax, X,

D'l = ; n=1,2,
a?aG 92G

aX,0X, 9K’ (19%)
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Without additional difficulties, this treatment may be extended to an N + 1
component mixture [16]. Regarding the generalization to continuous thermo-
dynamics, the most important result is Eq. (19a) which permits us to avoid the
calculation of determinants, as will be shown in the next section.

MULTIPLE CRITICAL POINTS IN POLYDISPERSE POLYMER
SOLUTIONS

Synthetic polymers always show a polydispersity, i.e., they consist of a large
number of individual species differing in their molecular weight. To obtain multi-
ple critical points, the generalization of the discontinuous procedure outlined
above to multicomponent systems may be applied [16]. Another way is provided
by a series expansion of the phase equilibrium conditions at the critical point [15].
The following treatment is based on the stability theory of continuous thermo-
dynamics [1, 2, 7].

A polymer solution consisting of a Solvent A and a Homopolymer B is con-
sidered. Choosing a standard segment, the solvent and the different polymer
species may be characterized by the segment numbers r, and r, respectively. The
overall concentration of all polymer species is given by the segment fraction v,
i.e., the segment fraction of the solvent reads 1 — . To describe the composition
of the polymer, the segment-molar distribution function W(r) is introduced which
equals the well-known mass distribution function, i.e.,

f W(r)dr

is the relative segment fraction of all polymer species with segment numbers
between ' and r”. Here the term “relative” means “with respect to all polymer
species.” Therefore, the normalization condition

fW(r)dr =1; f = fro (20)

has to be fulfilled. The quantities 7, and #° signify the limits of the range of
occurring segment numbers: 7y < r < 0. -

For polymer solutions the nonlinear part AG of Gibbs free energy per mole of
segments may be written in the following form [1]:

1-v

A

InyW(r)dr + GE/RT (21)

AG/RT = fﬂ‘:(—')—

In(1-vy)+
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Here R is the universal gas constant and T is the temperature. The quantity G is
called the segment-molar excess Gibbs free energy; it generalizes the classic
x-term, i.e., GE describes the deviations from a Flory-Huggins mixture [17, 18]
with ¢ = 0.

The second-order differential of AG/RT reads [1]:

aZGE/RT](6 y + f S[wW(I®

8*(AG/RT) = [ (1-1p) Y2 ryW(r)

(22)

Here G is assumed to be independent of the distribution function W(r), i.e.,
GEdepends only on 7, P, and 4. Excluding the case of oligomer solutions, this
assumption is very often made. In calculating Min $2G the condition

fa[wW(r)]dr = 8y (23)

resulting from Eq. (20) has to be taken into account additionally [1]. By doing so,
the application of Lagrange’s method of undetermined multipliers results in the
following variation:

S[YW(r)]* ;:1) W(r)oy 24

to lead to the minimum of 8°G [1]. Here
Fo= [rW(rdr (25)

i.e., O is the weight-average segment number. Equations (22) and (24) may be
considered to be generalizations of Eqs. (5) and (6), respectively. The application
of d[YyW(r)]* to Eq. (22) results in

Min 8%(AG/RT) = Ly(d)? (26)
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where L, is given by

1.1 #GHRT
Tra(l-w)  FOy a2

2))

Ly,

Equations (26) and (27) correspond to Egs. (7) and (8), respectively, but here
the quantity L, is not a determinant. In analogy to Eq. (9), the spinodal equation
reads

Ly=0 (28)

The first-order differential of L, is given by

_[ 1 a3G=E/RT] 1
o=

oot e w—wfrﬁ[wW(r)]dr (29)

The different form of the last term results since 7V depends on the distribution
function W(r) due to Eq. (25). According to Egs. (24), (25), and (29), 8L,* =
SL(S[wW(r)]*) reads

dLo* = L&y (30)
with
1 F@ 3°GE/RT
L 7 G/, 31)

TRA-wr T T o

By considering the critical point as a double solution of the spinodal equation,
the necessary conditions for a single critical point read

Ly=0; L, =0 (32)

This corresponds to 635(6[11)W(r)]*) =0.
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To find conditions for a double critical point, the differential

4GE
2 6G/RT]61p

o= [ o

frzs[wW(r)]dr 37@ fr&[wW(r)]dr
T rore T T G2

has to be considered. Applying Eq. (24), 8L* = 8L,(d[ypW(r)]*) reads

oL,* = Lydy (34)
with
2 7o 3[FOp 3*GEIR
L,= S + _[r ] + RT (35)
ra(l = gy [FOTy? (FOPy? oyt
Then the necessary conditions for a double critical point are
L,=0; L =0 L,=0 (36)

Continuing this procedure, the necessary conditions for a triple critical point
read

Ly=0; L =0 L,=0; L,=0 ' 37
with
6 F® 10F®F@
L=

A - gy [FOPgt T [FOy

15[F@3 35GE/RT
FOTws T oy

(38)

These equations agree with the results of Solc [15] based on a series expansion
of the phase equilibrium conditions. By generalizing this treatment, the necessary
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and sufficient conditions for an m-fold critical point read

L=0forj=0,1,2,...,m (39a)

Lyy=0 (39b)

The calculation of L; may be performed successively based on the equation for

L, in each case. According to the presented treatment, L; is calculated by

L;=dL" /4y (40)

where 8L, is obtained by applying 8[yW(r)]* according to Eq. (24) to 8L, ,.
The quantity L; may also be expressed by

1 FO, 7O, . FY)  9GERT
L=— __  HOOT -7 | TG - (41)
ra(l -y L' L
where f; has to be calculated successively from

fo(Fr®) = 1/7® (42a)

7O, FO, L, FED)
k O, F@ ., T® FG+1)

/S G SERTY i) B k=12, ... (42b)

& P 7O

GENERAL FORMULA FOR A SCHULZ-FLORY DISTRIBUTION

As shown in the preceding section, the calculation of the expressions L, is to be
performed successively. But for a (generalized) Schulz-Flory distribution, a direct
formula may be easily obtained. The (generalized) Schulz-Flory distribution reads
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W(r) = —(é)kexp (-kr/F) “43)
r r

Here 7 is the number-average segment number of all polymer species, & is the
reciprocal of the non-uniformity (which is a measure for the breadth of the
distribution), and T is the Gamma-function. In terms of the moments defined by
Eq. (25) (r, = 0, r* = ), r and & read

F=1/FD (44a)
k 1/(FEOFO ~ 1) (44b)

Furthermore, Eqs. (25) and (43) yield

Fo) = (%) I (k+i); n=1,2,3,... (45)
i=1

To calculate the quantities of type L, the differentials 67 and 8k are needed.
According to Egs. (20), (23), (25), and (44a), 7 is given by

J' YW gr

1 r

[FOF [yw(ryar

or =

1 { f SlwWnl , _ r—<-1>dw} (46)

- PPy r

With the aid of Eqgs. (23), (24), (44a), and (45), dr" becomes

e T
or Tk + 1)

& 47
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According to Egs. (20), (23), (25), and (44b), dk is given by

f L(r)dr fan(r)dr
1 r
dk=-
[FEDFMD — 1]2 { flPW(r)drV
_ 1 _ d[yW(r)]
T [FOOF® S 1]y {r(l) f r ar
+ FED fra[lpW(r)]dr - 2FCDFM WY (48)

Applying Eqs. (23)25), (44a), and (45), dk* reads
8k* =0 (49)

Equations (47) and (49) result in a simplification of the calculation of L; according
to Eq. (40), leading to

L= afﬁ]; ¥ aﬁ? 1p(k7+ ) ©0)
With the aid of Egs. (27), (44a), and (44b), L, leads

Lo = rA(ll— v Fip kf 17t alisz G1
Using Eqgs. (50) and (51), L, is given by

L= rA(ll—xp)z B 711p2 kfl (1+ ki 1’7 asisz (52)

Furthermore, L, reads

2 1 k 1 1 3*GE/RT

L=rd-w "7 el W

+k+1)(2+k+1 3y

Generalizing this procedure, L; is given by
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. jt n L k ﬁ
= a-wye T T gy
L 3"2GE/RT
(lk+l+1)+—W2— (54)
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